
Rules for integrands of the form (f + g x)m (h + i x)q A + B Loge 
a+b x
c+d x


n


p

1.  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ b f - a g⩵ 0 ∧ d h - c i⩵ 0

1:  f + g x
m
h + i x A + B Loge

a + b x

c + d x

n

 ⅆx when b c - a d ≠ 0 ∧ b f - a g⩵ 0 ∧ d h - c i⩵ 0 ∧ m + 2 ∈ ℤ+

◼
Rule: If  b c - a d ≠ 0 ∧ b f - a g ⩵ 0 ∧ d h - c i ⩵ 0 ∧ m + 2 ∈ ℤ+, then


f + g x

m
h + i x A + B Loge

a + b x

c + d x

n

 ⅆx ⟶

f + g x
m+1

h + i x A + B Loge 
a+b x

c+d x

n


g (m + 2)
+
i (b c - a d)

b d (m + 2)
 f + g x

m
A - B n + B Loge

a + b x

c + d x

n

 ⅆx

Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.]),x_Symbol :=

f+g*x^(m+1)*h+i*x*(A+B*Log[e*((a+b*x)/(c+d*x))^n])/(g*(m+2)) +

i*(b*c-a*d)/(b*d*(m+2))*Intf+g*x^m*(A-B*n+B*Log[e*((a+b*x)/(c+d*x))^n]),x /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,x && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && IGtQ[m,-2]

Intf_.+g_.*x_^m_.*h_.+i_.*x_*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_]),x_Symbol :=

f+g*x^(m+1)*h+i*x*(A+B*Log[e*(a+b*x)^n/(c+d*x)^n])/(g*(m+2)) +

i*(b*c-a*d)/(b*d*(m+2))*Intf+g*x^m*(A-B*n+B*Log[e*(a+b*x)^n/(c+d*x)^n]),x /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,x && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && IGtQ[m,-2]

2:  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ b f - a g⩵ 0 ∧ d h - c i⩵ 0 ∧ (m q) ∈ ℤ

Derivation: Integration by substitution

Basis: Fx, a+b x
c+d x

 ⩵ (b c - a d) Subst
F- a-c x

b-d x
,x

(b-d x)2
, x, a+b x

c+d x
 ∂x

a+b x
c+d x

◼
Rule: If  b c - a d ≠ 0 ∧ b f - a g ⩵ 0 ∧ d h - c i ⩵ 0 ∧ (m q) ∈ ℤ, then



 f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx ⟶

(b c - a d)m+q+1 
g

b

m i

d

q

Subst
xm A + B Loge xn

p

(b - d x)m+q+2
ⅆx, x,

a + b x

c + d x


◼
Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

(b*c-a*d)^(m+q+1)*(g/b)^m*id^q*Subst[Int[x^m*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x],x,(a+b*x)/(c+d*x)] /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,p,x && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && IntegersQ[m,q]

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

(b*c-a*d)^(m+q+1)*(g/b)^m*id^q*Subst[Int[x^m*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x],x,(a+b*x)/(c+d*x)] /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,p,x && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && IntegersQ[m,q]

3:  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ b f - a g⩵ 0 ∧ d h - c i⩵ 0 ∧ m + q + 2⩵ 0

Derivation: Integration by substitution and partial fraction expansion

Basis: Fx, a+b x
c+d x

 ⩵ (b c - a d) Subst
F- a-c x

b-d x
,x

(b-d x)2
, x, a+b x

c+d x
 ∂x

a+b x
c+d x

Basis: If  m + q + 2 ⩵ 0, then ∂x

g (b c-a d) x

b (b-d x)

m

i (b c-a d)

d (b-d x)

q

xm (b-d x)2
⩵ 0

◼
Rule: If  b c - a d ≠ 0 ∧ b f - a g ⩵ 0 ∧ d h - c i ⩵ 0 ∧ m + q + 2 ⩵ 0, then

 f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx

⟶ (b c - a d) Subst



g (b c-a d) x

b (b-d x)

m

i (b c-a d)

d (b-d x)

q
A + B Loge xn

p

(b - d x)2
ⅆx, x,

a + b x

c + d x


⟶ (b c - a d) Subst

g (b c-a d) x

b (b-d x)

m

i (b c-a d)

d (b-d x)

q

xm (b - d x)2
 xm A + B Loge xn

p
ⅆx, x,

a + b x

c + d x


Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 2



( )

⟶

d2  g (a+b x)

b

m

i2 (b c - a d) 
i (c+d x)

d

m

a+b x

c+d x

m
Subst xm A + B Loge xn

p
ⅆx, x,

a + b x

c + d x


◼
Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

d^2*(g*(a+b*x)/b)^mi^2*(b*c-a*d)*i*(c+d*x)/d^m*((a+b*x)/(c+d*x))^m*

Subst[Int[x^m*(A+B*Log[e*x^n])^p,x],x,(a+b*x)/(c+d*x)] /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,p,q,x && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && EqQ[m+q+2,0]

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

d^2*(g*(a+b*x)/b)^mi^2*(b*c-a*d)*i*(c+d*x)/d^m*((a+b*x)/(c+d*x))^m*

Subst[Int[x^m*(A+B*Log[e*x^n])^p,x],x,(a+b*x)/(c+d*x)] /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,p,q,x && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && EqQ[m+q+2,0]

(* Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

b*d*f+g*x^(m+1)g*i*(b*c-a*d)*h+i*x^(m+1)*((a+b*x)/(c+d*x))^(m+1)*

Subst[Int[x^m*(A+B*Log[e*x^n])^p,x],x,(a+b*x)/(c+d*x)] /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,p,q,x && EqQ[n+mn,0] && NeQ[b*c-a*d,0] && EqQb*f-a*g,0 && EqQd*h-c*i,0 && EqQ[m+q+2,0] *)

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 3



2:  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ (m q) ∈ ℤ ∧ p ∈ ℤ+ ∧ d h - c i⩵ 0

Derivation: Integration by substitution

Basis: Fx, a+b x
c+d x

 ⩵ (b c - a d) Subst
F- a-c x

b-d x
,x

(b-d x)2
, x, a+b x

c+d x
 ∂x

a+b x
c+d x

◼
Rule: If  b c - a d ≠ 0 ∧ (m q) ∈ ℤ ∧ p ∈ ℤ+ ∧ d h - c i ⩵ 0, then

 f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx ⟶

(b c - a d)q+1
i

d

q

Subst
b f - a g - d f - c g x

m
A + B Loge xn

p

(b - d x)m+q+2
ⅆx, x,

a + b x

c + d x


◼
Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

(b*c-a*d)^(q+1)*id^q*SubstIntb*f-a*g-d*f-c*g*x^m*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x,x,(a+b*x)/(c+d*x) /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,x && NeQ[b*c-a*d,0] && IntegersQ[m,q] && IGtQ[p,0] && EqQd*h-c*i,0

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

(b*c-a*d)^(q+1)*id^q*SubstIntb*f-a*g-d*f-c*g*x^m*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x,x,(a+b*x)/(c+d*x) /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,x && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && IntegersQ[m,q] && IGtQ[p,0] && EqQd*h-c*i,0

3:  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ (m q) ∈ ℤ ∧ p ∈ ℤ+

Derivation: Integration by substitution

Basis: Fx, a+b x
c+d x

 ⩵ (b c - a d) Subst
F- a-c x

b-d x
,x

(b-d x)2
, x, a+b x

c+d x
 ∂x

a+b x
c+d x

◼
Rule: If  b c - a d ≠ 0 ∧ (m q) ∈ ℤ ∧ p ∈ ℤ+, then

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 4



 f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx ⟶

(b c - a d) Subst
b f - a g - d f - c g x

m
b h - a i - d h - c i x

q
A + B Loge xn

p

(b - d x)m+q+2
ⅆx, x,

a + b x

c + d x


◼
Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

(b*c-a*d)*SubstIntb*f-a*g-d*f-c*g*x^m*b*h-a*i-d*h-c*i*x^q*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x,x,(a+b*x)/(c+d*x) /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,x && NeQ[b*c-a*d,0] && IntegersQ[m,q] && IGtQ[p,0]

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

(b*c-a*d)*SubstIntb*f-a*g-d*f-c*g*x^m*b*h-a*i-d*h-c*i*x^q*(A+B*Log[e*x^n])^p/(b-d*x)^(m+q+2),x,x,(a+b*x)/(c+d*x) /;

FreeQa,b,c,d,e,f,g,h,i,A,B,n,x && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && IntegersQ[m,q] && IGtQ[p,0]

U:  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx

Rule:

 f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx ⟶  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx

◼
Program code:

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

Unintegrablef+g*x^m*h+i*x^q*(A+B*Log[e*((a+b*x)/(c+d*x))^n])^p,x /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,p,q,x

Intf_.+g_.*x_^m_.*h_.+i_.*x_^q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

Unintegrablef+g*x^m*h+i*x^q*(A+B*Log[e*(a+b*x)^n/(c+d*x)^n])^p,x /;

FreeQa,b,c,d,e,f,g,h,i,A,B,m,n,p,q,x && EqQ[n+mn,0] && IntegerQ[n]

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 5



N:  wm yq A + B Loge 
u

v

n


p

ⅆx when u⩵ a + b x ∧ v⩵ c + d x ∧ w⩵ f + g x ∧ y⩵ h + i x

◼
Derivation: Algebraic normalization

◼
Rule: If  u⩵ a + b x ∧ v⩵ c + d x ∧ w⩵ f + g x ∧ y⩵ h + i x, then

 wm yq A + B Loge 
u

v

n


p

ⅆx ⟶  f + g x
m
h + i x

q
A + B Loge

a + b x

c + d x

n



p

ⅆx

Program code:

Int[w_^m_.*y_^q_.*(A_.+B_.*Log[e_.*(u_/v_)^n_.])^p_.,x_Symbol] :=

Int[ExpandToSum[w,x]^m*ExpandToSum[y,x]^q*(A+B*Log[e*(ExpandToSum[u,x]/ExpandToSum[v,x])^n])^p,x] /;

FreeQ[{e,A,B,m,n,p,q},x] && LinearQ[{u,v,w,y},x] && NotLinearMatchQ[{u,v,w,y},x]

Int[w_^m_.*y_^q_.*(A_.+B_.*Log[e_.*u_^n_.*v_^mn_])^p_.,x_Symbol] :=

Int[ExpandToSum[w,x]^m*ExpandToSum[y,x]^q*(A+B*Log[e*ExpandToSum[u,x]^n/ExpandToSum[v,x]^n])^p,x] /;

FreeQ[{e,A,B,m,n,p,q},x] && EqQ[n+mn,0] && IGtQ[n,0] && LinearQ[{u,v,w,y},x] && NotLinearMatchQ[{u,v,w,y},x]

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 6



S:  w A + B Loge
un

vn


p

ⅆx when u⩵ a + b x ∧ v⩵ c + d x ∧ n ∉ ℤ

Derivation: Integration by substitution

Basis: ∂x Loge u[x]n

v[x]n
 ⩵ ∂x Loge  u[x]

v[x]

n


◼
Rule: If  u⩵ a + b x ∧ v⩵ c + d x ∧ n ∉ ℤ, then

 w A + B Loge
un

vn


p

ⅆx ⟶ Subst w A + B Loge 
u

v

n


p

ⅆx, e 
u

v

n

, e
un

vn


◼
Program code:

Int[w_.*(A_.+B_.*Log[e_.*u_^n_.*v_^mn_])^p_.,x_Symbol] :=

Subst[Int[w*(A+B*Log[e*(u/v)^n])^p,x],e*(u/v)^n,e*u^n/v^n] /;

FreeQ[{e,A,B,n,p},x] && EqQ[n+mn,0] && LinearQ[{u,v},x] && Not[IntegerQ[n]]

(* Intw_.*A_.+B_.*Loge_.*f_.*u_^q_.*v_^mq_^n_.^p_.,x_Symbol :=

SubstIntw*A+B*Loge*f^n*(u/v)^(n*q)^p,x,e*f^n*(u/v)^(n*q),e*f*(u^q/v^q)^n /;

FreeQe,f,A,B,n,p,q,x && EqQ[q+mq,0] && LinearQ[{u,v},x] && Not[IntegerQ[n]] *)

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 7



Rules for integrands of the form f + g x + h x2m A + B Loge 
a+b x
c+d x


n


p

1:  f + g x + h x2
m

A + B Loge
a + b x

c + d x

n



p

ⅆx when b d f - a c h⩵ 0 ∧ b d g - h (b c + a d)⩵ 0 ∧ m ∈ ℤ

◼
Derivation: Algebraic simplification

Basis: If  b d f - a c h⩵ 0 ∧ b d g - h (b c + a d)⩵ 0, then f + g x + h x2 ⩵ h
b d

(a + b x) (c + d x)
◼

Rule: If  b d f - a c h⩵ 0 ∧ b d g - h (b c + a d)⩵ 0 ∧ m ∈ ℤ, then

 f + g x + h x2
m

A + B Loge
a + b x

c + d x

n



p

ⅆx ⟶
hm

bm dm
 (a + b x)m (c + d x)m A + B Loge

a + b x

c + d x

n



p

ⅆx

Program code:

Intf_.+g_.*x_+h_.*x_^2^m_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol :=

h^m/(b^m*d^m)*Int[(a+b*x)^m*(c+d*x)^m*(A+B*Log[e*((a+b*x)/(c+d*x))^n])^p,x] /;

FreeQa,b,c,d,e,f,g,h,A,B,n,p,x && EqQb*d*f-a*c*h,0 && EqQ[b*d*g-h*(b*c+a*d),0] && IntegerQ[m]

Intf_.+g_.*x_+h_.*x_^2^m_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol :=

h^m/(b^m*d^m)*Int[(a+b*x)^m*(c+d*x)^m*(A+B*Log[e*(a+b*x)^n/(c+d*x)^n])^p,x] /;

FreeQa,b,c,d,e,f,g,h,A,B,n,p,x && EqQ[n+mn,0] && IGtQ[n,0] && EqQb*d*f-a*c*h,0 && EqQ[b*d*g-h*(b*c+a*d),0] && IntegerQ[m]

Rules for integrands of the form u log(e (f (a+b x)^p (c+d x)^q)^r)^s 8



2:  f + g x + h x2
m

A + B Loge
a + b x

c + d x

n



p

ⅆx when b c - a d ≠ 0 ∧ m ∈ ℤ ∧ p ∈ ℤ+

Derivation: Integration by substitution

Basis: Fx, a+b x
c+d x

 ⩵ (b c - a d) Subst
F- a-c x

b-d x
,x

(b-d x)2
, x, a+b x

c+d x
 ∂x

a+b x
c+d x

◼
Rule: If  b c - a d ≠ 0 ∧ m ∈ ℤ ∧ p ∈ ℤ+, then

 f + g x + h x2
m

A + B Loge
a + b x

c + d x

n



p

ⅆx ⟶

(b c - a d) Subst
1

(b - d x)2 (m+1)
b2 f - a b g + a2 h - 2 b d f - b c g - a d g + 2 a c h x + d2 f - c d g + c2 h x2

m
A + B Loge xn

p
ⅆx, x,

a + b x

c + d x


◼
Program code:

Int[P2x_^m_.*(A_.+B_.*Log[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))^n_.])^p_.,x_Symbol] :=

Withf=Coeff[P2x,x,0],g=Coeff[P2x,x,1],h=Coeff[P2x,x,2],

(b*c-a*d)*

SubstIntb^2*f-a*b*g+a^2*h-2*b*d*f-b*c*g-a*d*g+2*a*c*h*x+d^2*f-c*d*g+c^2*h*x^2^m*(A+B*Log[e*x^n])^p/

(b-d*x)^(2*(m+1)),x,x,(a+b*x)/(c+d*x) /;

FreeQ[{a,b,c,d,e,A,B,n},x] && PolyQ[P2x,x,2] && NeQ[b*c-a*d,0] && IntegerQ[m] && IGtQ[p,0]

Int[P2x_^m_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)^n_.*(c_.+d_.*x_)^mn_])^p_.,x_Symbol] :=

Withf=Coeff[P2x,x,0],g=Coeff[P2x,x,1],h=Coeff[P2x,x,2],

(b*c-a*d)*

SubstIntb^2*f-a*b*g+a^2*h-2*b*d*f-b*c*g-a*d*g+2*a*c*h*x+d^2*f-c*d*g+c^2*h*x^2^m*(A+B*Log[e*x^n])^p/

(b-d*x)^(2*(m+1)),x,x,(a+b*x)/(c+d*x) /;

FreeQ[{a,b,c,d,e,A,B,n},x] && PolyQ[P2x,x,2] && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[b*c-a*d,0] && IntegerQ[m] && IGtQ[p,0]
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